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Abstract. The purpose of this paper is to propose an alternative approach on controlling of vehicle 
vibrations by using active tuned mass damper. The approach is presented by simulation of a 
quarter-car model. Initially, a tuned mass damper is integrated on a vehicle model and its optimal 
parameters are determined by using 3D diagram of the maximum magnitudes of the sprung mass 
frequency response functions. Active control is obtained by adding an actuator element parallel to 
tuned mass damper. The fuzzy-sliding mode control method is utilized in reducing the 
displacement and acceleration magnitudes of sprung mass. Finally, comparison of active and 
passive responses in frequency and time domain are given to demonstrate vibration control 
improvement. 
Keywords: active tuned mass damper, quarter-car model, vertical vibration control. 
1. Introduction 
Traditionally, vehicle vibrations are controlled by passive suspension systems. A passive 
suspension system consists of spring and damper elements and it is generally located between 
wheel-axle and vehicle body. This system provides the reduction of vibration effects subjected to 
dynamic forces within the trade-off relation between the ride comfort and road holding. Although 
the trade-off issue of passive suspension system is mostly overcome by active and semi-active 
suspension systems, the control of vehicle vibrations still keeps the interest of research and 
development both in academia and industry. Cherry and Jones [1] had demonstrated the 
application of fuzzy logic techniques to the control of automotive suspension system in order to 
reduce the traditional compromise between the different requirements of the suspension system. 
Kim and Ro [2] had developed a robust control scheme for an active suspension system. They had 
shown that both the ride quality and handling performance are improved using the sliding mode 
active suspension system in the presence of non-linearities of the suspension system and 
uncertainties of suspension parameters. Recently, Arslan et al. [3] had applied classical and fuzzy 
tuned sliding mode controllers to a human-vehicle model in order to improve the ride comfort. In 
another recent study, van der Sande et al. [4] had developed a robust controller for an 
electromagnetic suspension system using a quarter car model. 
The tuned mass damper (TMD) and dynamic vibration absorber (DVA) are widely used 
devices for suppressing vibration level of various structures such as ships, wires, bridges, 
buildings, etc. [5, 6]. While DVA consists of a spring element and a mass, TMD is a damped DVA 
which is obtained by adding a damper element parallel to DVA. It has been well-known by Frahm 
who was the inventor and the first patent owner of a DVA design in the early 1900s [7]. Traditional 
DVA and TMD have a narrow-band nature and contain a potential that can be improved by adding 
an actuator in order to compose the active dynamic vibration absorber (ADVA) and active tuned 
mass damper (ATMD). This device includes a potential to be used as a vibration absorber in 
vehicle suspension system. In a technical paper, common TMD applications in automobiles are 
listed as crankshaft, axle pinion nose, exhaust system, etc. [8]. In Hrovat’s survey paper [9] about 
advanced suspension developments, the use of TMD as a dynamic vibration absorber which was 
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attached to the unsprung mass was reviewed. The main contribution of the actual study is the 
demonstration of the use and application of an ATMD to a vehicle model in order to suppress 
undesired vibration effects by simulation results. There were several ATMD and TMD 
investigations realized for various applications rather than vehicle suspensions. For instance, 
Yagiz [10] had developed a sliding mode controller for suppressing earthquake or wind induced 
vibration of a multi-degree-of-freedom structure. Pourzeynali et al. [11] had presented a combined 
application of genetic algorithms and fuzzy logic controller. They had showed that integration of 
the fuzzy logic and genetic algorithms resulted in better performance of the ATMD system in 
terms of response reduction. Hacioglu and Yagiz [12] had presented an adaptive backstepping 
controller with estimation for uncertain systems with an application to a nine-story building model 
where an ATMD was installed on the top floor as a dynamic absorber. Kahya and Araz [13] had 
demonstrated the effectiveness of the series multiple tuned mass dampers (STMD) in bridge 
vibration suppression. Another TMD system was proposed using modal FRF by Debnath et al. 
[14] to control truss bridge vibrations.  
In this study, an ATMD attached to the sprung mass of vehicle, is proposed as an alternative 
approach for the control of vehicle vibrations. The quarter car model which has been proved to be 
useful for designing control strategies for active suspension system [15-18], is chosen for the 
investigation of ATMD in vehicle suspension system reducing the sprung mass vibrations and 
improving the passenger ride comfort. In the following sections, use of ATMD is explained under 
the topics of active tuned mass damper on a quarter-car model, determination of optimum 
parameters of TMD, fuzzy-sliding mode controller for ATMD with numerical results and 
conclusion, respectively. 
2. Active tuned mass damper on a quarter-car model 
A quarter-car model with a traditional passive suspension system is shown in Fig. 1(a). In this 
model, m1 represents unsprung mass and ݉ଶ  represents sprung mass. ݇ଵ , ݇ଶ  and ܾଶ  denote 
stiffness coefficient of wheel, stiffness and damping coefficients of passive suspension system 
respectively. In Fig. 1(b), additional mass ݉ଷ is connected to sprung mass with spring and damper 
elements to form a TMD. ݇ଷ and ܾଷ are stiffness and damping coefficients of TMD, respectively. 
 
a) 
 
b) 
 
c) 
Fig. 1. Quarter-car model with a) passive suspension, b) TMD, c) ATMD 
ATMD is constituted by adding an actuator to the TMD and can be investigated as an 
alternative active vibration controller as shown in Fig. 1(c). u is the controller force of actuator 
generated by control algorithm. ݕ଴ , ݕଵ , ݕଶ  and ݕଷ  are absolute vertical displacements of road 
profile, unsprung, sprung and ATMD masses respectively. 
Equation of motion of the quarter-car model with ATMD can be obtained by Newton’s second 
law of motion and are given below: 
݉ଵݕሷଵ + ܾଶሺݕሶଵ − ݕሶଶሻ + ݇ଵሺݕଵ − ݕ଴ሻ + ݇ଶሺݕଵ − ݕଶሻ = 0, (1)
݉ଶݕሷଶ + ܾଶሺݕሶଶ − ݕሶଵሻ + ܾଷሺݕሶଶ − ݕሶଷሻ + ݇ଶሺݕଶ − ݕଵሻ + ݇ଷሺݕଶ − ݕଷሻ = ݑ, (2)
݉ଷݕሷଷ + ܾଷሺݕሶଷ − ݕሶଶሻ + ݇ଷሺݕଷ − ݕଶሻ = −ݑ. (3)
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Numerical parameters of the quarter-car model are listed in Table 1. 
Active and passive cases of TMD should be evaluated separately. In active case, there are four 
parameters acting on the system response which are ATMD mass (݉ଷ), ATMD spring coefficient 
(݇ଷ), ATMD damper coefficient (ܾଷ) and actuator force (ݑ). TMD and ATMD mass have chosen 
constant and same for both cases given in Table 1. The other TMD parameters ݇ଷ and ܾଷ were 
obtained for optimum conditions explained in the next section. When these parameters were 
utilized in active case, the displacement of the ATMD mass could have exceeded the psychical 
limits of suspension working space. Therefore, for active case, these parameters were chosen by 
using trial and error, in order to preserve these limits. 
Table 1. Numerical parameters of the quarter-car model 
Parameters Passive TMD ATMD 
݉ଵ (kg) 56.5 56.5 56.5 
݉ଶ (kg) 277.16 277.16 277.16 
݉ଷ (kg) – 27.716 27.716 
݇ଵ (N/m) 211180 211180 211180 
݇ଶ (N/m) 27000 27000 27000 
݇ଷ (N/m) – 1500 10000 
ܾଶ (N·s/m) 1750 1750 1750 
ܾଷ (N·s/m) – 90 4000 
3. Determination of optimum parameters of TMD 
TMD consists of three parameters seen in Fig. 1(b) that are TMD mass, spring and damper 
coefficients. The optimum parameters of TMD are obtained for the minimum sprung mass 
displacement condition that provides riding comfort quality. The frequency response function 
(FRF) of the sprung mass is used to determine the ratio between the sprung mass displacement 
and road displacement in the frequency band is given in Appendix A1. First of all, TMD mass is 
chosen. Then spring and damper coefficients are varied to calculate each FRF. The maximum 
magnitude of each FRF is plotted on 3D diagram. The maximum magnitudes of FRF versus 
various spring and damper coefficients generate a surface that can be utilized to supply optimum 
criteria. There exists a minimum of maximums which gives the optimum spring and damper 
coefficients of TMD for the former condition. In this study TMD mass is taken as one of tenth of 
sprung mass (݉ଷ = ݉ଶ/10) and the other two parameters are varied to generate a 3D diagram of 
the maximum magnitudes of the sprung mass FRF versus spring and damper coefficients that can 
be seen in Fig. 2. The minimum of maximums is occurred when the spring coefficient is taken 
between 1000 N/m and 2000 N/m, and the damper coefficient is taken between 0 and 200 N.s/m. 
The frequency response function and calculated optimum spring and damper coefficients for TMD 
are given with numerical parameters in Table 1. 
 
Fig. 2. Optimum parameter determination of TMD; variation of ห ଶܻ ܻ⁄ ଴ห୫ୟ୶ for different ݇ଷ and ܾଷ values  
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4. Fuzzy-sliding mode controller for ATMD 
In this section, a fuzzy-sliding mode controller [19] utilized for ATMD is described. Fuzzy 
sliding mode controller (FSMC) includes the combination of a sliding mode controller (SMC) and 
a fuzzy logic unit that tunes the sliding surface slope of the SMC shown in Fig. 3(a). The main 
idea of this controller is to force the sliding surface to catch state errors and make them zero more 
rapidly rather than waiting the state errors to reach to sliding surface. A representation of the 
fuzzy-sliding surface is shown in Fig. 3(b). Sliding surface slope changes dynamically inside the 
gray colored area in order to catch error and time derivative of error and force them to reach zero 
on sliding surface rapidly. 
 
a) 
 
b) 
Fig. 3. a) Block diagram of the FSMC, b) Fuzzy-Sliding surface representation 
The concept of sliding mode control (SMC) has been occurred as the results of researches in 
the former Soviet Union at the end of 1950’s [20]. The state space equation of the system can be 
defined as: 
ݔሶ = ݂ ሺݔ, ݐሻ + ۰ݑ. (4)
The state vector ݔ represents the displacements and their corresponding velocities respectively. 
݂ሺݔ, ݐሻ is the vector of the equations of the system without the control inputs. ݑ is the vector of 
the control forces. ۰ is the input matrix. The related vectors and matrix can be obtained from  
Eqs. (1-3) for ATMD and given in Appendix A2. 
The aim of the controller is to control the variable x under the system uncertainties and hold 
the system on a sliding surface. The sliding surface equation for a control system can be selected 
as follows: 
ߪ = ۵Δݔ. (5)
Δݔ is the difference between the reference value and the system response. ۵ is the matrix, 
which includes the sliding surface slope. If ۵ and Δݔ are written below: 
۵ = ቂߙ 00 1ቃ ,   Δݔ = ቂ
݁
ሶ݁ቃ. (6)
Then, sliding surface can be written as in Eq. (7) which is shown in Fig. 3(b): 
ߪ = ߙ݁ + ሶ݁. (7)
ߙ is the slope constant being positive and represents the negative value of the sliding surface 
slope. A stable and non-chattering controller force (ݑ) can be obtained for ATMD as in [10]: 
ݑ = ݑො௘௤ + ሺ۵۰ሻିଵ Γ  ߪ, (8)
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where Γ is assumed to be the constant positive matrix in order to induce the system to follow the 
constraints by holding it on the surface. An average of the total control force can be preferred for 
the equivalent control force by designing an averaging filter for the estimation of the equivalent 
control force [19]: 
ݑො௘௤ =
1
߬ݏ + 1  ݑ. (9)
The logic behind the design of a low-pass filter is that high frequencies come from unmodeled 
dynamics and low frequencies determine the characteristics of the signal. 
In order to obtain FSMC, the input variable of the fuzzy logic part of the controller is chosen 
as the negative value of the derivative of error per error (− ሶ݁ ݁⁄ ) of the controlled state and the 
output variable as the slope constant ߙ shown in Fig. 3(a). For the fuzzification of the input and 
output variables, the triangular membership functions are utilised as shown in Fig. 4. While  
௜ܲ (݅ = 1, 2,…, 7) denotes positive membership functions of the input variable, ܰ and ܼ represent 
negative and zero, respectively. Furthermore, ܣ௜  ( ݅ = 1, 2,…, 9) stand for the membership 
functions which are all positive for the output variable. In order to avoid the use of large values 
by the fuzzy logic unit, the input value is limited by appropriate bounds. Input and output variables 
are scaled by scaling factors ܵିܨ ௘ሶ ௘⁄  and ܵܨఈ, respectively. The fuzzy associative memory (FAM) 
table is given in Table 2. 
 
Fig. 4. Membership functions for the input and output variables 
Table 2. FAM table for the slope constant 
− ሶ݁ ݁⁄  ܰ ܼ ଵܲ ଶܲ ଷܲ ସܲ ହܲ ଺ܲ ଻ܲ 
ߙ ܣଵ ܣଶ ܣଷ ܣସ ܣହ ܣ଺ ܣ଻ ܣ଼ ܣଽ 
The reference variables are chosen as the low pass filtered displacement and velocity of 
unsprung mass in order to obtain the estimation of road profile and its derivative, since it is 
difficult to measure the road profile accurately and to obtain its derivative as well. Also, this 
procedure decreases the need of road profile measurement system and lowers the cost of 
acquisition system. Controller references and numerical parameters of FSMC for ATMD are given 
in Table 3. 
Table 3. Controller references and numerical parameters of Fuzzy SMC for ATMD 
Controller references Controller parameters 
ݕଶೝ೐೑ =
1
߬௥௘௙ ݏ + 1 ݕଵ ߬ = 0.05 Γ = 60 
݀ݕଶೝ೐೑
݀ݐ =
1
߬ௗ௥௘௙ ݏ + 1 
݀ݕଵ
݀ݐ  
߬௥௘௙ = 0.15 ܵିܨ ௘ሶ ௘⁄ = 0.001 
߬ௗ௥௘௙ = 0.08 ܵܨఈ = 1 
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5. Numerical results 
In this section, the results of ATMD application is presented by time and frequency responses 
of a quarter-car model simulation. A road profile seen in Fig. 5 is used to obtain time responses. 
Vehicle model travels at a constant speed of 20 m/s over the road profile. Initially, it reaches up 
to 0.01 m height and 0.01 m long ramp, then passes 50 m on the straight road. Afterwards it 
reaches down to ground level from the same symmetric ramp. 
During the vehicle travel over the road profile, the road induced vehicle body vibrations are 
compensated by actuator using ATMD working space. During control action, if absolute zero 
reference is assigned to the vertical motion of the vehicle body, it will degenerate ATMD working 
space or cause it to reach to the working limits. Therefore, to preserve the ATMD working space, 
it is assumed the reference values for the vertical motion of the vehicle body to be equal to the 
filtered values of displacements and velocities of the unsprung mass [20]. The reference of sprung 
mass for given road profile is given in Fig. 6. 
 
Fig. 5. Road profile 
 
 
Fig. 6. The reference of sprung mass  
for the selected road 
In Fig. 7, ride comfort can be evaluated through time diagrams of displacement and 
acceleration of sprung mass during vehicle travel over the road profile. In Fig. 7(a), displacement 
of sprung mass is compared between TMD, ATMD and passive suspension system. It is seen that 
during the vibration of sprung mass, kinetic energy is lost in two and a half periods with passive 
suspension system and TMD case. On the other hand, in ATMD application, it is ended only in 
one period. Additionally, overshoot is reduced by 11 % approximately compared with no control 
case. Similar results are observed for acceleration diagram in Fig. 7(b). Acceleration values go to 
zero faster in ATMD case if they are compared with passive suspension system and TMD. 
 
a) 
 
b) 
Fig. 7. Time response comparison of sprung mass: a) displacement, b) acceleration 
Control force produced by fuzzy-sliding mode controller is shown in Fig. 8(b). As a result of 
the control action, the forced vibration of ATMD mass and motion of TMD mass are demonstrated 
in Fig. 8(a). Of course, there are possibilities to limit displacement of ATMD mass by 
compromising the success of proposed method. 
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a) 
 
b) 
Fig. 8. Time response of a) displacement of ATMD mass, b) control force 
In Fig. 9, displacement and acceleration frequency response functions of sprung mass are 
compared between passive suspension system which is indicated as “No Control”, TMD and 
ATMD cases. It is clearly seen that displacement and acceleration magnitudes of sprung mass are 
suppressed along a broadband for ATMD case when all frequency responses are examined. The 
suppressed frequency bands vary between 0.25 Hz and 25 Hz for displacement frequency response 
and 0.35 Hz and 30 Hz for acceleration frequency response. Above mentioned frequency bands 
include resonance frequencies of sprung and unsprung masses which are about 1 Hz and 10 Hz 
respectively. It is also seen that TMD case has influence upon a very narrow frequency band that 
is as expected and improved by active control in ATMD case. 
 
a) 
 
b) 
Fig. 9. Frequency responses of sprung mass: a) displacement, b) acceleration 
6. Conclusions 
In this paper, an active tuned mass damper is proposed for vibration control of vehicles and 
presented by quarter-car model simulation. Although the assembly of an ATMD system on a 
traditional suspension system seems to be unfeasible, the idea of using an ATMD system involves 
a potential on vehicle vibration control and ride comfort improvement that is demonstrated by 
frequency and time response diagrams of sprung mass. It is seen that the displacement and 
acceleration magnitudes of sprung mass are suppressed over a broad frequency band including 
resonance frequencies of sprung and unsprung masses with the compromise of ATMD mass 
motion. Additionally, an experimental study is considered for future work using performance 
criteria since promising results are obtained from time response diagrams of the sprung mass 
displacement and acceleration. 
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Appendix 
A1. Frequency response function of sprung mass displacement 
ଶܻ
଴ܻ
= ܣሺ݅ݓሻܤሺ݅ݓሻ, 
ܣሺ݅ݓሻ = ሺܾଶݓ݅ + ݇ଶሻ݇ଵሺ−݉ଷݓଶ + ܾଷݓ݅ + ݇ଷሻ, 
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ܤሺ݅ݓሻ = ሺ݇ଵ݇ଶ݇ଷ − ݉ଵݓଶ݇ଶ݇ଷ − ݉ଵݓ଺݉ଶ݉ଷ − ݇ଵ݇ଷ݉ଷݓଶ − ݇ଵ݉ଶݓଶ݇ଷ + ݉ଵݓସ݇ଷ݉ଷ 
      +݉ଵݓସ݉ଶ݇ଷ + ݉ଵݓହܾଶ݉ଷ݅ + ݉ଵݓହ݉ଶܾଷ݅ + ݉ଵݓହܾଷ݉ଷ݅ + ݉ଵݓସ݇ଶ݉ଷ 
      +݉ଵݓସܾଶܾଷ − ݉ଵݓଷܾଶ݇ଷ݅ − ݉ଵݓଷ݇ଶܾଷ݅ − ܾଶݓଷ݇ଷ݉ଷ݅ − ܾଶݓଷ݉ଶ݇ଷ݅ 
      +ܾଶݓହ݉ଶ݉ଷ݅ + ܾଶݓସ݉ଶܾଷ + ܾଶݓସܾଷ݉ଷ − ݇ଵ݇ଶ݉ଷݓଶ − ݇ଵܾଶݓଶܾଷ 
      −݇ଶ݇ଷ݉ଷݓଶ − ݇ଶ݉ଶݓଶ݇ଷ − ݇ଵܾଶݓଷ݉ଷ݅ + ݇ଵ݉ଶݓସ݉ଷ − ݇ଵ݉ଶݓଷܾଷ݅ 
      −݇ଵܾଷݓଷ݉ଷ݅ + ݇ଵܾଶݓ݇ଷ݅ + ݇ଵ݇ଶܾଷݓ݅+݇ଶ݉ଶݓସ݉ଷ − ݇ଶ݉ଶݓଷܾଷ݅ − ݇ଶܾଷݓଷ݉ଷ݅ሻ. 
A2. The vectors and matrix of the state space equation 
ݔ = ሾݕଵ, ݕሶଵ, ݕଶ, ݕሶଶ, ݕଷ, ݕሶଷሿ், 
ݔሶ = ሾݔሶଵ, ݔሶଶ, ݔሶଷ, ݔሶସ, ݔሶହ, ݔሶ଺ሿ், 
݂ሺݔ, ݐሻ =
ۏ
ێ
ێ
ێ
ێ
ۍ ݔଶሾ−1 ݉ଵ⁄ ሿሾܾଶሺݔଶ − ݔସሻ + ݇ଵݔଵ + ݇ଶሺݔଵ − ݔଷሻሿ
ݔସ
ሾ−1 ݉ଶ⁄ ሿሾܾଶሺݔସ − ݔଶሻ + ܾଷሺݔସ − ݔ଺ሻ + ݇ଶሺݔଷ − ݔଵሻ + ݇ଷሺݔଷ − ݔହሻሿ
ݔ଺
ሾ−1 ݉ଷ⁄ ሿሾܾଷሺݔ଺ − ݔସሻ + ݇ଷሺݔହ − ݔଷሻሿ ے
ۑ
ۑ
ۑ
ۑ
ې
, 
۰ = ൤0 ݇ଵ ݉ଵ⁄ 0 0 0 00 0 0 1 ݉ଶ⁄ 0 −1 ݉ଷ⁄ ൨
்
, 
ݑ = ሾݕ଴ ݑሿ். 
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